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ABSTRACT
Measurements of the cosmic microwave background (CMB) favour models of inflation with
a small tensor-to-scalar ratio r, as predicted by the Starobinsky R + R2 model. It has been
shown previously that various models based on no-scale supergravity with different forms of
superpotential make predictions similar to those of the Starobinsky model. In this paper we
present a unified and general treatment of Starobinsky avatars of no-scale supergravity, using the
underlying non-compact SU(2,1)/SU(2)×U(1) symmetry to demonstrate equivalences between
different models, exhibiting 6 specific equivalence classes.
December 2018
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1 Introduction
Measurements of the cosmic microwave background (CMB) [1] continue to be consistent
with the inflationary paradigm [2]. So far, the perturbations in the CMB do not exhibit
any deviations from Gaussianity, and the spectrum of scalar perturbations is almost scale-
invariant, with a small tilt: ns ∼ 0.96 to 0.97 [1]. To date, there is only an upper limit on
the tensor-to-scalar ratio, r . 0.06 [3]. In combination, these constraints in the (ns, r) plane
exclude many models of inflation that have been considered in the past, such as monomial
single-field models. However, one simple model is consistent with all the experimental
measurements, namely the original Starobinsky R +R2 model [4].
In view of the virtues of low-energy supersymmetry [5, 6], such as making the hier-
archies between the electroweak, inflationary and gravitational scales less unnatural [7],
providing a plausible candidate for cold dark matter [8], facilitating the unification of the
strong, weak and electromagnetic interactions [9], and predicting successfully the mass
of the Higgs boson [10] and that its couplings should resemble those in the Standard
Model [11], we think that an inflationary model should be (approximately) supersymmet-
ric [12]. In the context of cosmology, one must combine supersymmetry with gravity, so
the appropriate framework is supergravity [5]. Moreover, in order to avoid unacceptable
anti-de Sitter minima in the effective potential, we are led to consider no-scale supergrav-
ity [13,14] 1, as appears generically in the effective low-energy limit of string compactifica-
tions [16]. The question then arises whether one can find in the no-scale framework models
that yield Starobinsky-like predictions for the inflationary observables.
A positive answer to this question was found in [17], where it was shown that the
simplest Wess-Zumino form of superpotential, W = µφ2 + λφ3, would yield Starobinsky-
like inflation for suitable values of the superpotential parameters µ and λ. An alternative
realization of the R+R2 theory in the framework of no-scale supergravity, with a very dif-
ferent form of superpotential, had been given previously in [18], though without discussing
the connection to models of inflation. Following [17], a number of other Starobinsky-like
inflationary models were obtained as avatars of no-scale supergravity in [19]. However, the
existence of an underlying connection between all these no-scale realizations of Starobinsky-
like inflation remained an open question.
Here we address this question systematically using the underlying symmetries of no-
scale supergravity. The original minimal no-scale supergravity model contained a single
chiral field T , with dynamics described by the Ka¨hler potential
K = − 3 ln(T + T¯) . (1)
1For a review of early work on no-scale supergravity, see [15].
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The field T parameterizes a non-compact SU(1,1)/U(1) coset manifold [13, 14, 20], and T¯
is its complex conjugate. As was shown in [16], this type of Ka¨hler structure emerges nat-
urally in simple compactifications of string theory, where T can be identified as a modulus
field. Generalizations of the minimal no-scale model (1) can be constructed with higher-
dimensional non-compact coset manifolds such as SU(N,1)/SU(N)×U(1) [21] 2. As was
discussed in [19], it is not possible to construct a Starobinsky-like model using the minimal
no-scale Ka¨hler potential (1) 3, and the models constructed in [17–19,22,23] were based on
a non-compact SU(2,1)/SU(2)×U(1) coset manifold.
This theory may be parameterized in terms of two chiral fields either of two equivalent
forms:
K = − 3 ln
(
T + T¯ − |φ|
2
3
)
or K = − 3 ln
(
1− |y1|
2
3
− |y2|
2
3
)
. (2)
One can transform between these two equivalent forms using the underlying non-compact
SU(2,1)/SU(2)×U(1) symmetry. When one does so, the superpotential is in general modi-
fied. In this paper we study how SU(2,1)/SU(2)×U(1) transformations can be used to ex-
hibit equivalences between Starobinsky-like inflationary models with superpotentials that
appear a priori to be distinct.
The layout of this paper is as follows. In Section 2 we review the general structure
of no-scale supergravity with a view to the subsequent analysis. In Section 3 we focus on
the SU(2,1)/SU(2)×U(1) case and identify four branches of Starobinsky-like models, which
are specified by fixing one of the fields parameterizing the non-compact coset manifold and
making a suitable canonical field redefinition, as illustrated in Fig. 1. These branches are
then related by simple field transformations, as illustrated in Fig. 2. Then, in Section 4 we
consider the most general form of third-order superpotential that reproduces a Starobinsky-
like inflationary potential in SU(2, 1)/SU(2)×U(1) no-scale supergravity models. Within
each branch, Starobinsky-like models can be grouped into six classes, as shown in Eqs. (45)
and (46). This general classification is illustrated in Section 5 by some Starobinsky-like
models known previously [17–19], as well as some new examples. Finally, in Section 6 we
summarize our results and draw some general conclusions.
2There are also generalizations of (1) in which the supergravity fields parameterize a direct product of
such non-compact coset manifolds, but we do not discuss them here.
3However, it is still possible to construct viable inflationary models with a de Sitter plateau in the
minimal no-scale supergravity, and such models were considered in [24–26].
3
2 No-Scale Supergravity Framework
We first recall some of the essential features of supergravity models, which we interpret
as low-energy effective theories at energies significantly smaller than the Planck scale.
The geometric properties of the scalar field space are characterized by the Ka¨hler potential
K(Φi, Φ¯j¯), where the fields Φi are complex scalar fields and the fields Φ¯j¯ are their Hermitian
conjugates. The kinetic terms of the Lagrangian are given by:
Lkin = Kij¯∂µΦi∂µΦ¯j¯ , (3)
where Kij¯ ≡ ∂2K/∂µΦi∂µΦ¯j¯ is the Ka¨hler metric. To define the supergravity dynamics of
the complex scalar fields Φi, one introduces the superpotential W , which is a holomorphic
function of the Φi. The Ka¨hler function is then defined as G ≡ K + lnW + lnW , and the
corresponding supergravity action can be expressed as:
S =
∫
d4x
√−g
[
Kij¯∂µΦi∂
µΦ¯j¯ − V
]
, (4)
where the effective scalar potential is
V = eG
[
∂G
∂Φi
Kij¯
∂G
∂Φ¯j¯
− 3
]
, (5)
and Kij¯ is the inverse Ka¨hler metric.
The next step is to apply the general formalism within a specific supergravity model.
In this paper we consider no-scale supergravity, which was first described in [13, 14] in its
minimal version. We consider here the following generalized Ka¨hler potential forN complex
scalar fields [21] that parametrize a non-compact SU(N,1)/SU(N)×U(1) coset manifold :
K = −3 ln
(
T + T¯ − |φi|
2
3
)
, (6)
where T is the complex scalar field which can be associated with the volume modulus in
a compactified string model, and i = 1, 2, . . . , N − 1. The minimal model with no chiral
matter fields has N = 1, in which case the Ka¨hler potential (6) can be written in terms of a
single volume modulus field T , as in (1), which parametrizes the non-compact SU(1,1)/U(1)
coset manifold. Using expressions (3) and (5), the kinetic terms of the Lagrangian together
with the effective scalar potential are given by:
Lkin = 3
(T + T¯ )2
∂µT∂
µT¯ (7)
and
V =
Vˆ
(T + T¯ )2
, where Vˆ =
1
3
(T + T¯ )|WT |2 − (WW T¯ +WWT ) . (8)
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The general SU(1,1) isometric transformations for the volume modulus T are given by
[19, 20]
T → αT + iβ
iγT + δ
, where α, β, γ, δ ∈ R and αδ + βγ = 1 . (9)
Not all the general isometric transformations respect the invariance of the Ka¨hler potential.
indeed, only imaginary translations T → T + iβ together with inversions T →
(
β
γ
)
1
T
leave
it invariant up to a Ka¨hler transformation. For example, in the case of an inversion we
have K → K + f(T ) + f¯(T¯ ) and W → e−fW with f = − ln√γ/βT . However, the
superpotential does not remain invariant under these transformation laws and, therefore,
the effective scalar potential also acquires a new form. Nevertheless, the complex scalar
fields should be redefined to obtain canonically-normalized kinetic terms and for γ/β = 4,
we recover the initial form of the effective scalar potential in terms of canonical fields.
The symmetry properties of the non-compact SU(N,1)/SU(N)×U(1) coset space can
be understood better by adopting a more symmetric representation [21], redefining the
corresponding complex scalar fields in the following way:
T =
k
2
(
1− yN√
3
1 + yN√
3
)
, and φi =
√
k
(
yi
1 + yN√
3
)
, with i = 1, . . . , N − 1 , (10)
where k is an arbitrary constant. The field redefinition (10) also transforms the effective
superpotential into the following form:
W (Φi)→ W˜ (yi) =
[
1√
k
(
1 +
yN√
3
)]3
W (yi), with i = 1, . . . , N . (11)
Using these symmetric field redefinitions we obtain the following expression for the non-
compact SU(N,1)/SU(N)×U(1) Ka¨hler potential (6):
K = −3 ln
(
1−
∑
i
|yi|2
3
)
. (12)
The symmetric form of the Ka¨hler potential (12) informs us that the U(1) phase transfor-
mation yi → eiθyi is trivial and can be discarded. Therefore, it is sufficient to consider the
transformation laws of the non-compact SU(N,1)/SU(N) coset manifold. With this simpli-
fication, we can define an N×N complex matrix U that parameterizes the SU(N,1)/SU(N)
coset space. The complex matrix U must satisfy the following conditions:
U †gU = g, and U †U = I, (13)
where the diagonal matrix g of the SU(N,1) group is given by:
g = diag(
N︷ ︸︸ ︷
1, . . . , 1,−1) , (14)
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and I is the N × N identity matrix. Because the complex matrix U has det(U) = 1, it
can be shown that U ∈ SL(N,C), and can be related to the projective special linear group
PSL(N,C) using the following relation:
PSL(N,C) =
SL(N,C)
Z(SL(N,C))
, (15)
where Z(SL(N,C)) is the center of the special linear group SL(N,C). Hence the general
invariance laws of the Ka¨hler potential are described by projective linear transformations
that are elements of the projective linear group PSL(N,C), and the projective linear
transformations are given by:
[φ1, . . . , φN , 1]→
[
(UΦ)1
(UΦ)N+1
, . . . ,
(UΦ)N
(UΦ)N+1
, 1
]
, with Φ =

φ1
...
φN
1
 , (16)
where the (UΦ)i are the respective row vectors.
Returning to the SU(1, 1)/U(1) coset space and redefining the complex scalar field T
in terms of variable y1 from the equation (10), the Ka¨hler potential (1) now acquires the
symmetric form
K = −3 ln
(
1− |y1|
2
3
)
. (17)
To show that the result (16) is equivalent to the isometric transformations for the volume
modulus T (9), we first find the complex matrix U that parametrizes the SU(1, 1) group.
The complex 2× 2 matrix U can be expressed as
U =
(
a λ
λ∗ a
)
, where a ∈ R>0, λ ∈ C, a2 − |λ|2 = 1 . (18)
We find from equation (16) that the complex field y1 has the following transformation law:
y1√
3
→ ay1/
√
3 + λ
λ∗y1/
√
3 + a
(19)
and now, if we plug equation (19) back into the symmetric Ka¨hler potential (17), we see
that it remains invariant. Finally, if we use the field redefinitions (10) and transform the
field y1 back to the volume modulus field T using y1/
√
3→ (1− 2T )/(1 + 2T ), we recover
successfully the isometric transformations (9) with α = 2a− 2Reλ, β = −Imλ, γ = 4Imλ,
and δ = 2a+ 2Reλ.
In the single-field theory based on SU(1,1)/U(1), de Sitter solutions are possible for
W = T 3 − 1 [20, 24, 27, 28], corresponding to W = (√3y3 + 7y2 + 9√3y + 7)/8 in the
6
symmetric basis. However, this would not lead to a Starobinsky-like inflationary poten-
tial [19]. Nevertheless, the mathematical framework introduced in this Section can be
applied to non-minimal no-scale supergravity models, and in next Section we explore how
the Starobinsky model of inflation arises in SU(2,1)/SU(2) × U(1) supergravity models.
3 SU(2,1)/SU(2)×U(1) No-Scale Supergravity
We consider now the simplest non-minimal no-scale supergravity model, based on the non-
compact SU(2,1)/SU(2)×U(1) coset. In this case the Ka¨hler potential may be written in
the following form:
K = −3 ln
(
T + T¯ − φφ¯
3
)
, (20)
where now the complex scalar fields (T, φ) parametrize the non-compact SU(2,1)/SU(2) ×
U(1) coset manifold. Using the Ka¨hler potential (20) in conjunction with expression (3),
we find that the kinetic terms of the Lagrangian are given by:
Lkin =
(
∂µφ¯, ∂µT¯
)( 3
(T + T¯ − |φ|2/3)2
)(
T+T¯
3
−φ
−φ¯ 1
)(
∂µφ
∂µT
)
. (21)
The effective potential (5), which in this case is expressed in terms of a general superpo-
tential W (T, φ), becomes:
V =
Vˆ(
T + T¯ − φφ¯
3
)2 , (22)
with
Vˆ ≡
∣∣∣∣∂W∂φ
∣∣∣∣2 + 13(T + T¯ )|WT |2 + 13 (WT (W φ¯φ¯− 3W ) + h.c.) , (23)
where WT = ∂W/∂T and Wφ = ∂W/∂φ.
Because the general SU(2,1)/SU(2)×U(1) no-scale models are parametrized by two
complex scalar fields (T, φ), or by four real scalar fields, in order to recover the Starobinsky
inflationary potential it will be necessary to fix one of the complex scalar fields and hence
break the coset space symmetry. Thus, our first step toward deriving the expressions for
general superpotentials W (T, φ) capable of yielding a Starobinsky inflationary potential
is to find all possible canonically-normalized scalar field expressions. For convenience, we
expand fully the kinetic terms (21) and fix either field T or φ, in which case the kinetic
cross-terms can be discarded, leaving us with
Lkin = 3(
T + T¯ − φφ¯
3
)2∂µT∂µT¯ + (T + T¯ )(
T + T¯ − φφ¯
3
)2∂µφ∂µφ¯ . (24)
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Let us first follow the same treatment as in [17] and assume that the T field is fixed,
with a vacuum expectation value of 〈Re T 〉 = k
2
and 〈Im T 〉 = 0, in which case the kinetic
terms (24) become:
Lkin = k(
k − φφ¯
3
)2∂µφ∂µφ¯ . (25)
In order to understand better how to normalize canonically the field φ, we assume that
the imaginary part of the matter field φ is fixed to 〈Im φ〉 = 0 by the dynamics of the
potential. The details of this assumption will be discussed later.
Then we find from equation (25) the following redefinition for a canonically-normalized
field:
φ = ±
√
3k tanh
(
x√
6
)
, (26)
where x is a real scalar field. When considering the general expression for the superpotential
W (T, φ) that is to yield a Starobinsky inflationary potential, it is crucial to respect the
canonical formulation of the model by using the redefinition (26) of the matter field φ.
Alternatively, instead of fixing the field T , one can perform the analogous procedure
of setting the vacuum expectation value of the matter field to 〈φ〉 = 0. In this case the
kinetic terms of the Lagrangian (24) are expressed as:
Lkin = 3(
T + T¯
)2∂µT∂µT¯ . (27)
Similarly, we assume a vacuum expectation value for T with 〈Im T 〉 = 0, so that the
volume modulus T is now a real field and the redefined canonically-normalized field can be
expressed as:
T =
k
2
e±
√
2
3
ρ , (28)
where the field ρ is now real and the coefficient in front of (27) is chosen to be compatible
with the symmetric field redefinitions (10). Hence we can see that, by fixing one of the com-
plex scalar fields (T, φ) and then performing a canonical field redefinition (25) or (27), the
SU(2,1)/SU(2)×U(1) symmetry can be broken into one of four different branches according
to the breaking diagram shown in Fig. 1.
When seeking models leading to the Starobinsky inflationary potential, one may con-
sider any of the four possible branches shown in Fig. 1. However, it is possible to perform
a SU(2,1)/SU(2)×U(1) projective linear transformation on a general superpotential with
fully dynamical fields to connect the different superpotential branches, as we now show
following the description introduced previously. To show this, we adopt the symmetric
8
Canonical
Field Redefinition
Branch I Branch II
SU(2, 1)/
SU(2)×U(1)
Canonical
Field Redefinition
Branch III Branch IV
φ = −
√
3k tanh
(
x√
6
)
φ = +
√
3k tanh
(
x√
6
)
Fixing the field 〈T 〉 = k2
Fixing the field 〈φ〉 = 0
T = k
2
e−
√
2
3
ρT = k
2
e+
√
2
3
ρ
Figure 1: This diagram shows how, starting from a general two-field superpotential W (T, φ), it
is possible to break the SU(2,1)/SU(2)×U(1) symmetry by fixing one of the complex scalar fields
and then casting the dynamical field in canonical form by a suitable field redefinition, yielding four
distinct branches of models with Starobinsky-like effective scalar potentials.
approach and switch from the basis (T, φ) to the basis (y1, y2) using the general field redef-
initions (10), the following relations:
y1 =
√
k
(
2φ
k + 2T
)
, y2 =
√
3
(
k − 2T
k + 2T
)
. (29)
and the inverse relations:
T =
k
2
(
1− y2/
√
3
1 + y2/
√
3
)
, φ =
√
k
(
y1
1 + y2/
√
3
)
. (30)
In the (y1, y2) basis the Ka¨hler potential (6) takes the symmetric form
K = −3 ln
(
1− |y1|
2 + |y2|2
3
)
. (31)
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The expressions for the canonically field redefinitions (26) and (28) in the (y1, y2) symmetric
basis are the following in the different branches:
Branch I:
(
φ = +
√
3k tanh
(
x√
6
)
; 〈T 〉 = k
2
)
−→
(
y1 = +
√
3 tanh
(
x√
6
)
; 〈y2〉 = 0
)
, (32)
Branch II:
(
φ = −
√
3k tanh
(
x√
6
)
; 〈T 〉 = k
2
)
−→
(
y1 = −
√
3 tanh
(
x√
6
)
; 〈y2〉 = 0
)
, (33)
Branch III:
(
〈φ〉 = 0; T = k
2
e
+
√
2
3
ρ
)
−→
(
〈y1〉 = 0; y2 = −
√
3 tanh
(
ρ√
6
))
, (34)
Branch IV:
(
〈φ〉 = 0; T = k
2
e
−
√
2
3
ρ
)
−→
(
〈y1〉 = 0; y2 = +
√
3 tanh
(
ρ√
6
))
. (35)
After recovering the canonically-normalized kinetic terms in the (y1, y2) symmetric basis
using equations (32)-(35), we consider general superpotential expressions W (y1, y2).
The SU(2,1)/SU(2)×U(1) coset space can be parameterized with the following com-
plex matrix U :
U =
 α β 0−β∗ α∗ 0
0 0 1
 , where α, β ∈ C, |α|2 + |β|2 = 1 . (36)
Using U (36) together with equation (16), we obtain the following transformation laws for
the fields y1 and y2:
y1 → αy1 + βy2, y2 → −β∗y1 + α∗y2 . (37)
When we apply the transformation laws (37), the Ka¨hler potential (31) remains invariant
while the general superpotential W (y1, y2) transforms non-trivially. It is usually more con-
venient to work in the symmetric (y1, y2) basis when considering the general superpotential
at the starting-point of the analysis. The essence of our approach is to start with a general
superpotential W (y1, y2), corresponding to one of the four different branches in Fig. 1, and
then apply the transformation laws (37) to obtain the corresponding superpotential in a
different branch. It is crucial to note that all the transformations must be performed for
dynamical fields, following which three of the four real fields are fixed while the remaining
field is put into the canonical form according to the branch rules. The transformation rela-
tions between different branch superpotentials in the (y1, y2) symmetric basis are illustrated
in Fig 2.
If one specific superpotential form is known, by performing the indicated field trans-
formations one can find the corresponding superpotential in a different branch. Thus, for
SU(2,1)/SU(2)×U(1) no-scale supergravity models there are four different forms of superpo-
tential W (y1, y2) that, by following the corresponding branch parametrization rules (32)-
(35), yield identical effective scalar potentials. In the next Section we find all four dif-
10
Effective
Scalar
Potential
Branch I
Superpotential WI(y1,y2)
Branch II
Superpotential WII(y1,y2)
Branch III
Superpotential WIII(y1,y2)
Branch IV
Superpotential WIV(y1,y2)
y
1
=
+ √
3
tanh (
x√
6
)
〈y
2 〉
=
0
Field Transformation
y1 ↔ −y1
y2 ↔ −y2
α = −1;β = 0
Field Transformation
y1 ↔ −y2
y2 ↔ y1
α = 0;β = −1
y1
=
−
√ 3 t
an
h
( x√ 6
)
〈y2
〉 =
0
Field Transformation
y1 ↔ −y2
y2 ↔ y1
α = 0;β = −1
〈y1
〉 =
0
y2
=
−
√ 3 t
an
h
( ρ√ 6
)
Field Transformation
y1 ↔ −y1
y2 ↔ −y2
α = −1;β = 0
〈y
1 〉
=
0
y
2
=
+ √
3
tanh (
ρ√
6
)
Figure 2: This diagram shows the transformation laws between the superpotentials in differ-
ent branches, together with the field fixings and canonical field redefinitions that yield the same
Starobinsky-like effective scalar potential.
ferent branch superpotential expressions that reduce to the Starobinsky inflationary po-
tential in one of the two real fields. The same procedure could also be followed to re-
cover a different effective scalar potential, and analogous transformation rules for general
SU(N,1)/SU(2)×U(1) no-scale supergravity models could also be derived.
4 Starobinsky Superpotentials: General Classification
We consider now the most general superpotential that allows us to recover the Starobinsky
inflationary potential in SU(2,1)/SU(2)×U(1) no-scale supergravity models. As was men-
tioned in the previous Section, by applying the transformation laws (32)-(35), which are
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also depicted in Fig 2, one can transform between the different superpotential branches.
For a general superpotential W (y1, y2), we have the following expression for the ef-
fective potential:
V =
Vˆ(
1− |y1|2+|y2|2
3
)2 , (38)
where
Vˆ = |W1|2 + |W2|2 − 1
3
|3W −W1y1 −W2y2|2 , (39)
with W1 = ∂W/∂y1 and W2 = ∂W/∂y2.
• In order to find the general expressions for all four different superpotential branches that
will allow us to recover the Starobinsky inflationary potential with canonically-normalized
kinetic terms, we start with a general superpotential expression for Branch I, which can be
expressed as:
Branch I: W (y1, y2) = ay1 + by
2
1 + cy
3
1 + dy2 + ey2y1 + fy2y
2
1 + g(y1, y2) , (40)
where the additional term g(y1, y2) obeys the following conditions: g(y1, 0) = 0, ∂g/∂y1(y1, 0)
= 0 and ∂g/∂y2(y1, 0) = 0. Terms containing factors y
n
2 , with n > 1 may also appear in
g but, since we will require 〈y2〉 = 0, these terms do not contribute to V . We have not
included a constant term in (40) (or in the general form for W for the other branches) to
avoid supersymmetry breaking of order the inflationary scale.
• If we perform the transformation (37), with α = −1 and β = 0, we obtain
Branch II: W (y1, y2) = −ay1 + by21 − cy31 − dy2 + ey2y1 − fy2y21 + g(y1, y2) . (41)
• If instead we apply the transformation with α = 0 and β = −1 to the general expression
for Branch I (40) we obtain
Branch III: W (y1, y2) = −ay2 + by22 − cy32 + dy1 − ey1y2 + fy1y22 + h(y1, y2) , (42)
where, as before, the additional term h(y1, y2) must now satisfy the following conditions:
h(0, y2) = 0, ∂h/∂y1(0, y2) = 0 and ∂h/∂y2(0, y2) = 0, when 〈y1〉 = 0.
• Finally, applying either the same transformation to Branch II or applying the previ-
ous transformation with α = −1 and β = 0 to Branch III, we obtain
Branch IV: W (y1, y2) = ay2 + by
2
2 + cy
3
2 − dy1 − ey1y2 − fy1y22 + h(y1, y2) . (43)
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Using the form of Branch I superpotential (40), we can derive Vˆ from (39) and match
that with a known solution from [19] in which
Vˆ = |y1|2|1− y1/
√
3|2 , (44)
corresponding to the Wess-Zumino model found in [17]. Matching the coefficients leads to
the following four sets of solutions:a = 0, c = +
b(
√
1−4b2−2)
3
√
3
, d = 0, e = ±√1− 4b2, f = ∓
√
1−4b2+2b2√
3
,
a = 0, c = − b(
√
1−4b2+2)
3
√
3
, d = 0, e = ±√1− 4b2, f = ∓
√
1−4b2−2b2√
3
,
(45)
where all the coefficients are expressed in terms of an arbitrary free parameter b. There
are in addition the two solutions:
b = −
√
3a
2a2 + 3
, c =
16a6 + 72a4 + 108a2 + 27
36a (2a2 + 3)2
, d = ±ia, e = ∓ 2i
√
3a
2a2 + 3
, f = ∓
i
(
4a2
(
2a2 + 3
)2
+ 27
)
12a (2a2 + 3)2
,
(46)
where now the coefficients are expressed in terms of an arbitrary free parameter a. Eqs. (45)
and (46) encompass all the Branch I solutions that yield the Starobinsky inflationary po-
tential with canonically-normalized kinetic terms.
For illustration, Figs. 3 and 4 show the couplings necessary for Starobinsky solutions
as function of a single free coupling. In the two panels of Fig. 3, the free coupling is b,
corresponding to the solutions in Eq. (45). We show only two of the solutions, as the
remaining involve only a change in sign for each coupling. In Fig. 4, the free coupling is a,
corresponding to Eq. (46).
e
c
f
a = d = 0
-0.5 -0.3 -0.1 0.1 0.3 0.5
-1.0
-0.5
0.0
0.5
Re b
e
c
f
a = d = 0
-0.5 -0.3 -0.1 0.1 0.3 0.5
-1.0
-0.5
0.0
0.5
Re b
Figure 3: The superpotential couplings, c, e, and f as functions of b that correspond to the
Starobinsky solutions in (45).
One can then use the SU(2,1) field transformations given in Eq. (37) to find the
corresponding Starobinsky-like model in the other branches, as illustrated in Fig. 2. For
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Figure 4: The superpotential couplings, b, c, d, e, and f as functions of a that correspond to the
Starobinsky solutions in (46).
example, if we transform to Branch II, we can reapply the process using now (41) in (39)
and match to
Vˆ = |y1|2|1 + y1/
√
3|2 . (47)
Solving for the superpotential coefficients a, b, c, · · · , leads to exactly the same sets of so-
lutions as given in Eqs. (45) and (46). Similarly using the general superpotentials for
Branches III and IV, matching to Vˆ (with y1 → y2), we again would obtain the solutions
in (45) and (46).
Thus, Eqns. (40)-(43), together with (45) and (46) provide all of the solutions that
yield the Starobinsky inflationary potential with canonically-normalized kinetic terms. The
solutions (45) and (46) provide all solutions within a branch, and the SU(2,1) transforma-
tions allow us to rotate between branches with the same form of solutions.
When considering the inflationary dynamics, we have assumed that three out of four
complex scalar fields have been stabilized. To achieve this result, we can include a sufficient
stabilization mechanism, which was described in [19, 29], and tackle the stability problem
by adding a quartic stabilization term in the Ka¨hler potential that will leave the effective
scalar potential unaffected. For Branch I and II solutions we assumed that 〈y2〉 = 0,
therefore, to stabilize the inflaton field y1, we could add a quartic stabilization term to the
Ka¨hler potential:
K = − 3 ln
(
1− |y1|
2
3
− |y2|
2
3
+
|y2|4
Λ2
)
, (48)
where we assume that Λ . Mp. However, the quartic stabilization term might not always
stabilize the potential in both real and imaginary directions of y2. To tackle this problem,
we can either include an additional quartic stabilization term in the Ka¨hler potential or use
the additional term g(y1, y2) in the general Branch I (40) and Branch II (41) expressions,
which does not affect the inflationary potential when 〈y2〉 = 0. Analogously, for the general
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Branch III and IV expressions we assumed that 〈y1〉 = 0, and the stabilization can be
achieved by introducing a quartic stabilization term in the Ka¨hler potential for the field y1.
Further, it can be readily shown that after fixing the volume modulus field 〈T 〉 = k
2
for Branch I or Branch II scalar potentials, the mass of the imaginary component m2Im,φ
will be positive and independent of the free arbitrary parameter b for the solutions (45),
while for the complex set of solutions (46), m2Im,φ ≥ 0 will be obtained after setting the
arbitrary free parameter a to be purely imaginary, where the value of |a| will determine
the curvature in the imaginary direction. Therefore, after fixing the field T , the imaginary
part of the field φ will be fixed by the dynamics of the potential to 〈Im φ〉 = 0 and this
was shown concretely for the Wess-Zumino model in [17]. Similarly, for Branch III and IV
effective potentials, we fix the matter field 〈φ〉 = 0. In an identical manner, after fixing
the field φ, the imaginary part of the field T will be fixed dynamically to 〈Im T 〉 = 0 and
the imaginary mass m2Im,T will be positive for any free arbitrary parameter b for the four
solutions (45) and any purely imaginary parameter a for the two solutions (46).
One can now observe that the four different branch solutions (40-43) exhibit similar
characteristics. The crucial difference is that for Branch I and II solutions the inflaton is
identified with a matter field while for Branch III and IV solutions it is identified with
a modulus fields. Therefore, discrete SU(2,1)/SU(2) coset transformations are a powerful
tool that can be employed to change the field that will be identified as inflaton, and this
will have important consequences on how the inflationary sector couples to matter. We do
not investigate such possibilities here, and the phenomenological aspects of our models will
be addressed in the future.
We show next that our general expressions include the SU(2,1)/SU(2)×U(1) no-scale
inflationary models considered previously in the literature: solutions known previously are
related through rotations within a branch and/or SU(2,1) transformations. This classi-
fication also allows us to find new, compact forms of superpotential that also yield the
Starobinsky potential.
5 Specific Examples of Starobinsky-Like Models
We now show how some specific examples of models yielding a Starobinsky-like effective
potential fit within this general classification.
5.1 Wess-Zumino Superpotential
It was shown previously [17] that it is possible to obtain the Starobinsky inflationary
potential for a matter field φ using a simple Wess-Zumino superpotential containing only
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a quadratic and cubic coupling, that can be written as
W =M
[√
kφ2
2
− φ
3
3
√
3
]
, (49)
where we include a constant
√
k, so that our Wess-Zumino superpotential expression is com-
patible with the transformation laws (29) and (30). If we switch to the (y1, y2) symmetric
basis we obtain the following expression [19]:
W =M
[
y21
2
− y
3
1
3
√
3
+
y21y2
2
√
3
]
. (50)
To recover the Starobinsky inflationary potential, we assume that y2 is fixed so that 〈y2〉 =
0, while W , W1 and W2 are all non-zero. If one then uses (38) and (39), the effective
potential becomes:
V =
M2|y1|2
∣∣∣1− y1√
3
∣∣∣2(
1− |y1|2
3
)2 = 34M2(1− e−√2/3x)2 . (51)
With the Branch I canonical field redefinition for the symmetric field y1 (32), we obtain
the Starobinsky inflationary potential. If we compare the Wess-Zumino superpotential in
the symmetric basis (50) to the general Branch I superpotential expression (40), we find
the following values of the arbitrary coefficients:
a, d, e = 0; b =
1
2
; c = − 1
3
√
3
; f =
1
2
√
3
, (52)
which satisfies the general set of coefficient conditions (45).
5.2 Cecotti Superpotential
The Wess-Zumino model with general coefficients given by Eq. (52) is just one particular
solution in the general class given by (45). We may consider instead the solution with
a, b, c, d = 0; e = −1; f = 1√
3
. (53)
We may now perform the SU(2,1) transformation with α = 0 and β = −1 or y1 → −y2
and y2 → y1 from Branch I to Branch III. Then, from Eq. (42) we have
W = M
[
y1y2 +
y1y
2
2√
3
]
, (54)
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which when transformed to the (T, φ) basis gives
W =
√
3Mφ
(
T − k
2
)
, (55)
which is precisely the Cecotti [18] form for the superpotential giving rise to the R + R2
theory and Starobinsky inflation when 〈y1〉 = 〈φ〉 = 0. Indeed, evaluating the scalar
potential from (54) we obtain again the Starobinsky form
V =
M2|y2|2
∣∣∣1 + y2√
3
∣∣∣2(
1− |y2|2
3
)2 = 34M2(1− e−√2/3ρ)2 , (56)
using the Branch III field redefinition in (34).
5.3 Related Superpotentials
As one can imagine, through a combination of SU(2,1) transformations and choice of so-
lutions from (45) or (46), several other models can be generated. For example, the trans-
formation with α = −1 and β = 0 or y1 → −y1 and y2 → −y2 takes us from Branch
I to Branch II or from Branch III to Branch IV. If we now transform the Wess-Zumino
superpotential (50) to Branch II in this way, we obtain
W =M
[
y21
2
+
y31
3
√
3
− y
2
1y2
2
√
3
]
. (57)
Transforming to the (T, φ) basis, we obtain:
W = M
[
Tφ2√
k
+
φ3
3
√
3
]
, (58)
and the Starobinsky potential is found when T is fixed to 〈T 〉 = k/2. The Branch III
version of the Wess-Zumino model is given by
W =M
[
y22
2
+
y32
3
√
3
+
y1y
2
2
2
√
3
]
, (59)
which, when transformed to the (T, φ) basis, becomes:
W = M
[
1
16k3/2
(k − 2T )2
(
2T + 2
√
3
√
kφ+ 5k
)]
, (60)
as originally found in [19]. In this case, we must fix 〈φ〉 = 0 to obtain the Starobinsky
potential. There is a Branch IV analogue also given in [19] as the reversed Wess-Zumino
solution with superpotential given by:
W =M
[
y22
2
− y
3
2
3
√
3
− y1y
2
2
2
√
3
]
. (61)
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Transforming it to the (T, φ) basis, we find
W = M
[
1
16k3/2
(k − 2T )2
(
10T − 2
√
3
√
kφ+ k
)]
. (62)
Thus, we have identified four different forms of Wess-Zumino superpotential that, by follow-
ing the corresponding branch field parametrization rules, yield the Starobinsky inflationary
potential. All four of these stem from the same solution of (45) with b = 1/2. It is also
clear from this specific example that some superpotential branches correspond to simpler
expressions. Thus, for a general analysis, it is more convenient to choose the superpotential
branch that has the simplest superpotential expression in the (T, φ) basis.
Similarly, if we take the Cecotti form (54) and make the same sets of transformations,
we obtain solutions in the other branches. Using α = −1 and β = 0 or y1 → −y1 and
y2 → −y2 we obtain the Branch IV solution
W =M
[
y1y2 − y1y
2
2√
3
]
, (63)
which becomes [19]
W =
√
3MTφ
(
1− 2T
k
)
(64)
in the (T, φ) basis. On the other hand, if we start with the Cecotti superpotential (54)
and apply the transformations α = 0, β = −1, or y1 → −y2 and y2 → y1, we obtain the
following Branch I superpotential in the symmetric (y1, y2) basis:
W =M
[
−y1y2 − y
2
1y2√
3
]
, (65)
and in the (T, φ) basis we have [19]:
W = −1
4
Mφ
(
1− 2T
k
)(
2
√
3T +
√
3k + 2
√
kφ
)
. (66)
Finally, we give the remaining Cecotti superpotential form, which belongs to Branch II:
W =M
[
−y1y2 + y
2
1y2√
3
]
. (67)
If we consider the same superpotential in the (T, φ) frame, we find:
W = −1
4
Mφ
(
1− 2T
k
)(
2
√
3T +
√
3k − 2
√
kφ
)
. (68)
Therefore, we once again managed to recover four different superpotential forms that with
corresponding field fixing and canonical field redefinitions all yield the Starobinsky infla-
tionary potential.
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We stress that the models highlighted above are relatively simple models based on
solutions of Eq. (45) with the specific values b = 0 or 1/2. There are of course a continuous
family of solutions with b ∈ [−1/2, 1/2]. Furthermore, the 4 branches we have focused
on are obtained from only a discrete subset of the possible SU(2,1) transformations (37),
where we have chosen α = 0,−1 and/or β = 0,−1. Any pair of values of α and β with
|α|2+ |β|2 = 1 will yield additional solutions based on Eq. (45), so long as the appropriate
combination of y1 and y2 (T and φ) is held fixed.
5.4 Complex Superpotential
There remains one additional class of solutions of the general Starobinsky superpotential
expressions associated with (46). In this case, we can build a superpotential, where all
six coefficients are non-zero and some of the arbitrary coefficients will be complex. For
example, if we choose the free parameter to be a =
√
3i
2
, then the remaining coefficients
become: b = −i; c = i
2
√
3
; d =
√
3
2
; e = −2; f =
√
3
2
. With this coefficient choice the
general Branch I superpotential (40) acquires the following form:
W = M
[√
3iy1
2
− iy21 +
iy31
2
√
3
+
√
3y2
2
− 2y1y2 +
√
3y2y
2
1
2
]
. (69)
When transforming from the symmetric basis (y1, y2) to the (T, φ) basis, for convenience
we will set the coefficient k = 1 for the transformation laws (29), and obtain:
W =
1
48
(−18T (4T 2 + 2T − 1)− 12((6 + 4i)T + (−3 + 2i))φ2
+24
√
3T ((4 + i)T + i)φ+ 8i
√
3φ3 − (24− 6i)
√
3φ+ 9
)
.
(70)
Although this Branch I superpotential in the (T, φ) (70) is somewhat complicated, we can
find a simpler form by transforming the Branch I complex superpotential (69) to a Branch
III superpotential. By using the transformation laws y1 → −y2 and y2 → y1, one obtains:
W = M
[
−
√
3iy2
2
− iy22 −
iy32
2
√
3
+
√
3y1
2
+ 2y1y2 +
√
3y1y
2
2
2
]
, (71)
and then transforming it to the (T, φ) basis:
W =
√
3M
[√
3i
4
(2T − 1)− φ(T − 1)
]
. (72)
Hence, by performing the field transformation, we managed to obtain a compact superpo-
tential form (72), which would be a more convenient form if it were chosen as the starting
point of the analysis.
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6 Conclusions
We have developed in this paper a general classification of models formulated in the frame-
work of SU(2,1)/SU(2)×U(1) no-scale supergravity that have a Starobinsky-like effective
scalar potential. We have exhibited four different branches of such models, characterized by
different choices of field expectation values and canonical field redefinitions, as illustrated
in Fig. 1. These branches are obtained from discrete SU(2,1)/SU(2) transformations where
either φ or T are held fixed. The branches are in fact related by the continuous set of trans-
formations which require a linear combination of φ and T to be fixed in order to obtain a
Starobinsky scalar potential. Within each branch, there are six classes of Starobinsky-like
models, as shown in Eqns. (45) and (46). The solutions in the different branches are related
via redefinitions of the SU(2,1)/SU(2)×U(1) coset fields, as illustrated in Fig. 2. We have
also shown how Starobinsky-like models known previously [17–19] are embedded within
this general framework, and given some examples of additional Starobinsky-like models.
Our classification serves as a demonstration that Starobinsky-like inflation is a rel-
atively generic feature of no-scale supergravity models, unlike simple polynomial models
of inflationary potentials, for example. This may be encouraging for string theorists, in
view of the facts that CMB data favour Starobinsky-like models and that no-scale models
emerge as generic low-energy effective field theories derived from string theory. Until now,
the derivation from string theory of a specific superpotential yielding a Starobinsky-like
inflationary model has proved elusive. However, the results of this paper may help by ex-
hibiting the general form of such superpotentials, thereby extending the target to be aimed
at, which is considerably larger than the specific examples known previously [17–19].
The analysis in this paper may serve as a useful framework for the analysis of present
and future CMB data. Any deviations from the specific parameter relations in (45) and (46)
would yield potentially observable deviations from the predictions of the Starobinsky model
of inflation. Although the present CMB data are completely consistent with Starobinsky-
like inflation, one should be on the lookout for any possible deviations from this paradigm.
If observed, they might help identify the context in which Starobinsky-like inflation should
be embedded. In addition, we want to emphasize that discrete SU(2,1)/SU(2) coset trans-
formations are by no means limited to just the Starobinsky-like inflationary models and
the same transformation laws can be successfully applied to any arbitrary models based on
a non-compact SU(2,1)/SU(2) coset manifold. Our analysis could serve as a useful guide
in this respect. We look forward to the next generation of CMB data following those from
the Planck satellite [1].
In closing, we recall that there are two observables in slow-roll inflation, the scalar
tilt, including ns as well as the scalar-to-tensor ratio r. Predictions for these quantities
are, in general, sensitive to the number of e-folds of inflation, which depends in turn on the
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rate of inflaton decay [30]. One might expect that this would be different if the inflaton is
identified with a modulus field or a matter field (or some combination of the two). Future
measurements of ns, in particular, could help break the observational degeneracy between
different Starobinsky-like models within our general classification.
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